The crystallite orientation distribution function (CODF) is reviewed in terms of classical spherical function representation and more recent coordinate free tensorial representation (CFTR). A CFTR is a Fourier expansion wherein the coefficients are tensors in the three-dimensional space. The equivalence between homogeneous harmonic polynomials of degree k and symmetric and traceless tensors of rank k allows a realization of these tensors by the method of harmonic polynomials. Such a method provides for the rapid assembly of a tensorial representation from microstructural orientation measurement data. The coefficients are determined to twenty-first order and expanded in the form of a crystallite orientation distribution function, and compared with previous calculations.
INTRODUCTION
The crystallite orientation distribution function (CODF) has been widely used to describe first-order statistical information about the orientation of grains in a given polycrystal (el. Bunge, 1965; Roe, 1965) . Here the cubic crystal lattice will be studied and its space of distinguishable orientations shall be denoted as Ec.
The orientation of an observed grain in a given microstructure describes the rotation of its lattice relative to a specimen-fixed reference lattice. An important characteristic of a microstructure is the crystallite orientation distribution function (CODF) which is defined as the volume fraction density of individual crystals (grains) with the orientation . A great deal of attention has been paid to the practical treatment of orientation distribution functions (cf. Bunge, 1982) with the major goal being to represent them approximately with a finite number of parameters. The classical method of representing the CODF is with generalized spherical functions (Bunge, 1965; Roe, 1965) , which has frequently been accomplished by a Fourier expansion of generalized spherical harmonics (cf. Gel'fand, et al., 1963, p. 92) . Such a representation has proven useful but there is a need to specify a coordinate system (e.g. Euler angles) to construct the coefficients.
Since the CODF characterizes intrinsic properties of a given microstructure, if a rigid rotation were applied to such a microstructure the CODF changes but the physical properties do not since no deformation has been applied. Therefore, a representation of the CODF which does not involve a coordinate system would be advantageous. Such a representation is the so called coordinate free tensorial representation (Leckie & Onat, 1981; Onat, 1986; Adams, et al., 1992) , denoted herein as CFTR. A tensorial representation is called coordinate free because tensors can be defined without reference to a coordinate frame. This provides an alternative representation of the CODF in the form of a series whose coefficients change under rotation according to the familiar tensorial transformation law.
Because previous work has shown that state variables of microstructure are tensorial in nature (cf. Geary & Onat, 1974) , representations with tensorial variables are better suited to many applications. For instance, it has been shown that tensorial representations are particularly useful for computing simple averages of single crystal properties.
A method of constructing a CFTR may be conceived via a bouquet of lines in the three-dimensional Euclidean space, which intersect at the origin (cf. Onat, 1991 However, for certain purposes it is convenient to use another kind of expansionthe CFTR (Leckie & Onat, 1981; Onat, 1986; Adams, et al., 1992) . is representation makes us of the fact that irreducible representations of SO (3) can be realized by symmetric and traceless tensors. The main difference between the CFTR and the spherical representation is that the terms of the CFTR expansion are linearly dependent. A precise definition of a CFTR follows. (3) (Onat, 1986; Adams, et al., 1992) . Here this method is described in a more convenient language of harmonic polynomials.
Denote by Pol(R3) the space of all polynomials in three variables x, y, z and by Polk(R3) the finite-dimensional subspace of all homogeneous polynomials of degree k, i.e., those containing monomials xPyqzr with p + q / r k only. The spaces Pol(R3) and Polk(R3) are obviously representations of SO(3) (it acts by orthogonal linear transformations of x, y, z), and PoI(R3) t)=0 Polk(R3).
There is a one-to-one correspondence between homogeneous polynomials and symmetric tensors. Namely, given a homogeneous polynomial of degree k, F(x, y, z)= CpqrXPyqz r, 
where ds is the area element on the unit sphere. When transformed by the map t, this product becomes proportional to the usual scalar product of rank k tensors defined by contraction:
( T U) T-,..q, U,..q,.
(3.4) It is assumed that C(k) is chosen in such a way that the proportionality coefficient between the scalar product-of two polynomials in H, and the scalar product of the two associated tensors of coefficients be 1: i.e. (FIG) (t(F) lt(G) ).
In the construction of a CFTR, a key role is played by those harmonic polynomials which are invariant under the action of the crystal symmetry group F. They form a subspace H[ Hk (not an SO (3) Courant & Hilbert, 1953, p. 514; Backus, 1970; Onat, 1986) . Onat (1986; 1988; 1991) Courant & Hilbert, 1953, p. 514).
h(P)(r) =1-]rl24r fpl 2=1 IrP(P)I-p dp.
(3.9) Remark: Though the Poisson integral formula provides an explicit solution to the problem, it is not very convenient for practical calculations with polynomials. An effective procedure for passing from a polynomial P to the polynomial h(P) will be described in a forthcoming paper.
The left hand side of this formula is a polynomial which is harmonic and This method has been applied to the case when F is the group of symmetries of the cube. In this case, one may assemble homogeneous F-invariant polynomials, P(x, y, z). These polynomials have been constructed by means of the bouquet method outlined by previous authors (cf. Onat, 1991; Adams, et al., 1992) . As an illustration, consider the only bouquet for k 4 wherein the lines are the cube diagonals. The equations for the plane normal to each line in this bouquet are x+y+z=O, x+y-z=O, x y + z 0, (3.10) -x +y +z=0. Then according to (3.7), the associated homogeneous polynomial is:
P4(x, y, z) (x + y + z)(x + y z)(x y + z)(-x + y + z).
(3.11) The other polynomials P,(x, y, z) are assembled similarly and listed (including k 4), to order 21, as follows:
Po=l, P4 (x + y + z)(x + y z)(x y + z)(-x + y + z), P6 x2y2z2, P= P,, P9 (x + y)(x + z)(y + z)(z x)(z y)(y x)xyz, Then g P4(x, y, z) P4(x', y', z') (x' + y' z')(x' y' + z')(-x' + y' + z').
Or,
14)
The coefficient associated to the x 4 term is then (g +g2 +ga)(g +gz-g3)(gl-g2 + g3)(-g + g2 + g3). The coecients for the other terms in the lynomial P are obtained similarly.
e polynomials w ), for the cubic symmet group F, have been obtained in the form of symmetric traceless tensors wa A()P4 + A(')Por4.
(3.15) The coefficients A(4 ) and A ) can now be found from the system of linear equations which arise after expanding the products of the right hand side and equating the coefficients to the same monomials on the right and on the left.
The element g e SO(3) acts separately on each P(") in the sum, e.g. Figure 1 . The method of harmonic polynomials estimated the same shape of CODF as did the earlier calculation which used the method of spherical harmonics, for the same orientation data set obtained from the aluminum sample. However, the tensorial method of harmonic polynomials used 6-peaks whereas the former method used Gaussian smoothing. Therefore, the CODF shown in Figure 1 has sharper peaks and valleys than the previous calculation, which computed a maximum of 5.69 and a minimum of -0.15 (cf. Wright, et al., 1993 , Fig. 4c ). 
